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ABSTRACT. In recent papers, S. Kaplan and D. Ellis have used singular inte-
gral operator theory, multilinear interpolation and forms of the classical *‘energy
inequality”’ to obtain results for linear parabolic operators. For higher order line
ear parabolic operators the local estimates were globalized by a G3rding type
partition of unity. In the present paper it is shown how the theory of pseudo-dif
ferential operators can be used to study linear parabolic operators without re

course to multilinear interpolation. We also prove that the Garding type partition
r,s

of unity is square summable in the Sobolev type spaces H® and K
1. Introduction. In [1] we studied differential operators of the form
P(x,, D, D) = > a, ,.(x. t)D:D{
|a] +2kjs2km
with a;  nonvanishing and the functions {a i : |a] + akj < 2km} belonging to the
class C°° (R"“) of complex valued functions having bounded derivatives of all
orders on R™*! (our notation is the same as that used in [1]). In addition, we as-
sumed that P was uniformly 2k-parabolic on R™* , i.e., there exists & > 0 such
that if
Pyx, t, & 2) = > aa,j(x' NE*2 =0
la| +2kj=2km
for (x,t) € R™! and £eS={£ e R™: |£]| =1}, then Im z > 3. We assumed that
8, a module of parabolicity for P, was fixed throughout.

By means of a change of variables we associated with P an evolution opera-
tor R = /9t - HOA®® = J(1), where H(r) on () were matrices of singular inte-
gral operators. We also saw that the eigenvalues of b(¢), the symbol of H(z),
were uniformly contained in a fixed compact subset of the open left-half complex
plane. For such matrices as h(t) we proved an important algebraic inequality (see
Theorem 1 of [1]). Using this algebraic inequality and a G&rding type partition of
unity on R™*! (denoted by (¢;) ] T) we extended a form of the classical “‘energy
inequality’’ for constant coefficient parabolic operators to an energy inequality for
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356 DAVID ELLIS

our variable coefficient operator R.

As in [3] we employed the Hilbert spaces }("s, 7, s real, and their quotient
spaces H"*5(Q), Q an open *‘slab” in R™*!, since they are naturally tailored for
parabolic operators. We also employed the maps M por Pr O real, which are the
natural isometric isomorphisms of H™* onto H"=#**~9 In extending our ‘‘energy
inequality’’ for R to the Hrs(Q) spaces we employed a proposition of S. Kaplan
(Proposition 5 of [3]). This proposition essentially says that if a € C;(R"*")
then the commutator Uﬂr s14a 1= Jﬂ MAc-a- JII s is smoothing in the space vari-
able. We remark that Kaplan uses mulnlmear mterpolauon to prove this proposi-
tion. Finally, in Theocems 4 and 7 of [1] we showed that if —00 < @ < < +o00 and
s is a real number the mapping ¢ WP = (P, ¢(a), (8/3)p(a), (3/1)*p(a)y +++ 4
(0/30™=1¢(a)) is

(i) one-to-one from H™*5(Q) into H'=2km:s(Q) @ H™* s~k @t -3k g ...
Hr+s-(2m-l )k’ but

(ii) is onto for all r> (2m — 1)k where r is not an odd multiple of k (which
would seem to be a particularly unnatural restriction).

In this paper we will (i) develop a smoother calculus for the partition of unity
< i)T on the H® and H™*S spaces (Propositions 1 and 3), (i) express R as a
matrix of pseudo-differential operators and eliminate the restriction on 7 in the
Cauchy problem for P, (iii) present some remarks by H. Kumano-go concerning

estimates on the commutator [M_ _, @+ ] which obviate multilinear interpolation

ryS?

(Proposition 4).

2. The energy inequality.
Definitions. (i) For any real number m, we denote by S 5(R"), 0<d<p<l,
the set of all functions p € C®(R™ x R™) which satisfy with constants Ca,p

8208 plx, )] < C, M =PYIPBRL on R7 7

for all a, B; here AM(£) =1{1 + lfl j1/2, 57 5(R™) is a Fréchet space with the semi-
sorms [Pl 5= sup, ¢ 1020t EYNEIIA=m-3lel s sm — 5w (k)
(ii) For p € S™ S(R") we define the operator P = p(x, D) by

Pu(x) = (27)~"/2 f e p(x, VX (E)dE,
Rn

where % is the Fourier transform of z € S(R™); we say p is the symbol of the
pseudo-differential operator P. If u € 3R™) then Pu € (R™), and for any real s
there exists C = C_ such that

I|Pull, <Clal,,,, forall ueSR™).

In reducing P to first order in ¢ we express P as P = P, + P, where the
principal part of P is
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m
Po(x, D, Dz) =D7 + > p’.(x, t; Dx)D;"",
i
pj(x, t; £) is homogeneous in & of degree 2kj. Also Py(x, #; D, D)= 2. q.(x,1; Dx)D:"‘i .
where qi(x, €)= z|a.|<2kj aa.m_j(x, % j=1,2y000,m .
As in [1] we are led to study the evolution operator R = (3/d:)I - H()A*" -
J(). However, here H(z), A and J(t) are matrices of pseudo-differential operators

whose symbols are given by

0
(2.1) blx, t; €)= C . ,
‘1

=p, (x, t; E/AEN =« oo = p)(x, 15 E/ME))

A&, and

0 cos
2.2) i, t; €)= 0 0 0 s
-9, 56 . q,(x 1 &)
W-“'--&Eﬁ—-ql(x. t; &)

respectively, for (x, t; £) € R**1 x R, We note that h(x, t; €) and j(x, t; £) be-

S2k-1

long to bounded subsets of S° and , respectively, uniformly in ¢ € R. B
g y y y

definition of & (a module of parabolicity for P) there exists a compact subset
A of C having the property that A C {z: Re z < ~8V2}, and that each (x, t; £) €
R™! xS the eigenvalues of h(x, t; £) are contained in A

Let #(A) denote the set of matrices of the form (2.1) whose eigenvalues are
contained in A. If we let =8/2y2 in Theorem 1 of [1] and denote n(b)rg Jwvs by
n(b), then we can find constants C,=C[A,8,m) >0, i=1,2, such that for each
b € 7(A) there exists a nonsingular matrix n(h) satisfying

C,lnX | < I < C,In(6)|, and

Re ()~ 1bn(b), £) < - 6/4VD|C|? forall e C™,

For b € n(A) and R(b) = (/1) - bBA®® - J(1) we have the “‘energy inequality’”:
there exists C = C(8) > 0 such that if ~00< a < b< + then

c C Cco
S a3 - 5 12 + == [ @l Zde + ¢,0= ©) [ )] 3de

<Re 7 (b)Y 1R + M), nB) el g
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forall u € {C‘(’;(R"“)}’" and A > 0 with C,, C, as above (here IIuII: = (u, u)
where (2, v) = [ MEVSF(EV(E)dE; see Lemma 2 of [1]).
At each point (xg, tg; £,) € R™*!

R(b(x gy £gs E)) = R + (H(D) = By, 19, £NAE

when applied to functions whose supports are concentrated near (x, t,) (here b

x 2 we have an energy inequality for

is given by (2.1)). Thus, in order to obtain an energy inequality for R, it would
seem natural to employ a partition of unity on R™! and obtain an estimate on the
norm of the “error’’ operator H(¢) - h(x, 245 &)+ For part of this estimate we em-
ployed a variation of a classical theorem due to Kohn and Nirenberg (Theorem 5 of
[4]). For our present method we employ Theorem 5.3 of [5] for symbols of class
Sg s(R™). Since our technique requires that locally the operator norm of H(¢) -
blxgs 2 fo) be “*small’’ and since the Kumano-go theorem requires some control
of lim sup |b(x, £; &) = blx, t; £ )|, we have taken & *‘close’ to & and employed
another partition of unity on 2. Unlike the partition of unity on = employed in
[1], our present partition of unity should give rise to pseudo-differential operators.

Our symbol b(x, ¢; £) defined by (2.1) is in s° for each ¢ but it does not
satisfy inequality (3.15) of [1]. Thus we define

(2.3) 0 0 0

0 0 1. .
b'x, t; E) =i : .

°1
- P,,,(xo RANE P,,,-l("- t; €/1EN = o0 = Pl(x' t; &/1€10)

for (x, t; £) € R**! x (R ~{0}). Clearly b*(x, t; £) € m(A). As in [1], given a
fixed small positive number 7 we construct a sequence of cubes (Qi)‘;’ satisfy-
ing the properties:

(2.4) (i) they overlap in a manner that any fixed point in R™*! is contained
in exactly 2"*! gistinct cubes except for points on Ui aQi, and

(i) |5"(x, £; £) - b"(xi, ts EN<n/2,i=1,2,e00, forall (x,8;£) € R+
x Z where (x,, t;) is the center of Q, and x,=0, ¢, =0.

Choose { € C5(Q,) so that 0<{'< 1. For each i let {; be a translate of {
satisfying ¢, € C5(Q), ¢, =¢, and 27, Cg =1 on R™!, It is clear that for any
nonnegative integer m there is C_ =C_(n) satisfying

= Tiedem oise,
H"’isnt i
for all (x,t) € R™*.,
For a fixed (x,, t,), the center of O, and fo € 3 we write



PSEUDO-DIFFERENTIAL ESTIMATES 359
H .
blx, t; E)=b"(x, 2 fo)

= (blx, t; €)= b(x, t; EN+ (b, ¢ &) - b"(xi, t; £

When multiplied by Ci the second difference on the right side of (2.5) will be
bounded in absolute value by 7/2. Since (£/AM&))*= (&/|E])*— 0 as |£] — o,
estimating the first difference on the right side of (2.5) reduces to estimating the
difference b"(x, t; £) = b¥(x, t; &,) for large |£| and &/|£| near fo.

Given the number 7 > 0 above, there exists & > 0 satisfying

1%, 15 €)= b¥(x, 15 €I < /2

for all (x, t) € R™! whenever |§ - €, < 8. Fixing f €Z let Q,Q, Q" be open
neighborhoods of £, on = sansfymg Ycc@ccQ={e3:|£-§; | <8}. Let
B, ={§€R" |§|<pl and let K" = «" UB/4’ K'=«k UB/Z, K=kUB,, where
K » &'y K are the open cones subtended by Q", Q', Q, respectively, havmg their
vertices at the origin. Let O, 0,,-++, O, be a set of rotations on R" for which

(2.5)

1(Q"),- vy O'l(Qf) is a covering of = (r depends upon 7). Clearly we can find
functlons @preees @, and Y ,eee, Y satisfying
() ¢p ¥, eC°°(R"), 0<¢1<1 0<y.<1,
(ii) supp¢ C O‘I(K ) and 2;,1 ¢]2 =1 on R",
(iii) supp!ﬁ c 0 1(K) and !/J =1 on O-I(K')
Thus we conclude the following:

(2.6) sup P lim % )bz, t; €)= b(x, ; f M < /2
£|l—o0

where f’. =-0;l(§0), j=1l,ee¢,r Also
(2.7) sup € v Db (e, 15 €)= BP(x, 15 ENI < 0/2
x,t
for i=1,2,+++, and j=1,.++,7. Since ¢,¢. €S and 1/1,_1 on supp¢ the
pseudo-differential operators (D ¢ (D) and ‘1’ l/l (D) satisfy
(2.8) (D"'[’,=(D,, I= l,oo.,r.
Moreover Ei(éi(t)u, Ci(t)v)o = (u, v)o for u, v € H®, and 2;=1 (‘biu, q’iv)s = (u, v)s

for uy v € H°. As in [1], the reader should bear in mind that the above construc-
tion and choice of (Q,)» (Ci), (¢j), (‘[',) and 7 depends upon the number 7 sat-
isfying (2.4). Thus if ! is any positive integer we have, by Leibnitz’ rule, that

2.9) T Wl ? - collal? < €, Il

forall u € C‘:(R") where C = CO(I) >0and C, = Cl(l, 7).

. o . . oo
We now state a stronger version of Proposition 3 in [1]. Let ({i)l be a se-
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quence of functions satisfying
(i) 4{ € C:(Rn)Q i= ly 2,000,
(ii) no point in R" belongs to the supports of more than k_ of the {s (here
k, is a fixed positive integer),
(iii) sup, =, |05 (x)|? < oo for each multi-index a.
For such a sequence ({;)7 there is a positive integer N = N(n) so that, for
any y € R", supp {; Nnix € R": |x ~ y| <1} is nonempty for at most N of the {}s.

Proposition 1. Let {=({,)T be a sequence of functions as described above
and suppose s is real. Then there exists C >0 satisfying

SIali<c, Ney JulZ,  ue TR,

where N is given above and

C&,s = sup Z sup |0:¢".(x)|2
i (klsls|la =

(bere |s| is the integral part of s).
Proof. See $4.

Corollary. If 2, I(il2 =1 on R", then X iu“: is equivalent to llu“i,
u € H.

Proof.
s )l = I > s L)

S EWal el s s EWul ol we By veH™.

Thus [lul|, = suplll /vl _ :veH™", v£ 0}<C 2 l|§iu|[s for u € H®,
As in [1] we let bi].= b“("z‘ t; fl,), i=1,2,000y j=1y000,r, where
B, 15 &) is given by (2.3). Define

R = 9/ - b, A?* - (o),
where the symbol of J(1) is given by (2.2). Define n, = n(bii)-

Theorem 1 (see Theorem 2 of [11). Let R=09/0t - H()A%* - J(t) and let
—~0< a< b< +00. Then there exists constants C'(8) and C"(8) > 0 satisfying

C C
210 - a3 + ¢'6) [2 1 dr + 0~ C*6) [ ulo)) 5t

< T Re [° @51 OO R + M), n3¢ (@ e

ij
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for all u € {CR™ )™ and all A > C3!

Remarks on proof. While the proof of Theorem 1 here employs the theory of
pseudo-differential operators, it essentially parallels the proof of Theorem 2 in [1].
A perusal of the proof of Theorem 2 in [1] should convince the reader that the fol-
lowing revisions will suffice to prove Theorem 1 here:

1. An application of Theorem 2.3 of [6] to [(D H(¢)] shows that its operator
norm as a mapping from H~ “k-l into H™* is bounded by a constant C, indepen-
dent of t.

2. Applying (2.4), (2.6), (2.7), (2.8), and Theorem 5.3 of [5], we obtain, for
arbitrary €> 0,

o C Cc.0
S e = @3 + - )2 P 1 00ul2d+ A=) [? a3 de
1,7

(2.10) <2Ref (n7 '@ (R + D, ¢ @ u) gt

i,j

rlerpC f lul)|| 2d2 + Cle, ) f lute)§ de.

In [1] we employed an elementary inequality (Lemma 3 of [1]) to estimate
2 ||§i®iu(t)[|i from below. But by (2.9) we obtain

(2.11) S u]F > Collu)|2 = € O3
i’i
where C,=C (k) and C, = C,(k, 7) > 0 are independent of ¢. Letting €=17=
C 3/ 3C in (2.10) along with (2.11) completes the proof.
Remarks on the extension of the energy inequality to distributions. We refer
the reader to [3] for the various properties of the H™** and H™**(Q) spaces.

Proposition 2 (see Proposition 5 of [1]). Let p be a positive integer. Then
u € X'*° if and only if u has a representation of the form

u—-u0+| IZ,, D*u, +Df’up
a|=2kp

where ug Uy u, € Hr+2koss for |a| = 2kp, in such a way that “u“'.s is equiva-

lent to

1/2
2
{"“o“,zﬂkp,s + | Z “"a “r2+2kp,s + “up“r+2kp,s} *

a|=2kp

Proof. See [11.
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As in [1] we write

(¢, Y] = f o B DYlx, Ddxdt, ¢, P € CARTY,
R’I

which when extended makes X" and X~"*~° dual Hilbert spaces.

Now Proposition 6 of [1] stated the following: Suppose ()T and (P)Y
are sequences in C:(R"”) which satisfy the conditions that for each a and j

(2.12)  sup 3|9299l{x, N2 < and sup 3|93 9ip (x, 1|2 < oo
x,t 4 x,t g
Then for every pair of real numbers r and s the form 2, [Ciqﬁ, pl.!ﬁ], ¢, Y€
C':(R"“), extends in a unique way to a continuous sesquilinear form on Hrs
H-7=%. The proof of this proposition relied on Calderén’s multilinear interpola-
tion theorem. However, we can develop a smoother calculus of such sequences
(Ci)‘;" as follows.
Let (Cl)‘;o be a sequence of functions satisfying
@) Ci € C:(R"“) for each i=1, 2,000,

(ii) no point in R™*! belongs to the supports of more than ! b4 Of the {'s
(here I, isa fixed positive integer),

(iii) sup, , 21. |5i3;€ i(x, t)l2 < oo for each multi-index o and each nonnega-
tive integer j.

Proposition 3. Let { = ()7 be a sequence of functions as described above
and suppose r and s are real. Then there is a constant C o > 0 satisfying

Z llgiu"rz.s < Cn,sC((p +2, s‘“u“rz’s
i

forall ue C;°(R"+l), where p is the unique nonnegative integer satisfying |r| =
2kp + 2k0, 6 € [0, 1), and

Cg(p, s) = sup { > sup |9 a{{i(x, t)lz}.

i\ osjsp; |alsl|s|1+2kp *.t

Proof. See $4.

Corollary. If 2, ICiiz =1 on R™, then 3, “41"‘“3,.; is equivalent to “”“f.s'

Proof. See the proof of the Corollary to Proposition 1.

In the proof of the generalized ‘‘energy inequality for distributions’’ (Theorem
3 of [1]) we applied Proposition 5 of [3] to estimate the boundedness of the com-
mutator Uﬂo. o H), p=7+s -k In Proposition 5 of [3], S. Kaplan uses singular
integral operator theory and multilinear interpolation to prove that (i) the operation
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of multiplication by a € C°°(R"+l) is continuous on H™* and (ii) m a--a. m
is a bounded mapping from }(p " into HP=77=5*%0or any real p and o with 6<1.
H. Kumano-go has remarked that in the L? theory of pseudo-differential operators
interpolation theory is generally unnecessary. In particular he employs the theory
of pseudo-differential operators to show that m Aa--a- m is bounded from KA
into HP=""*! (Proposition 4 in $4). i

The revisions in Theorem 4 of [1] (uniqueness in the Cauchy problem for P)
are fairly obvious and are rather minor. The revisions in Lemma 5 of [1] are very
similar to the revisions stated for Theorem 1 with our pseudo-differential operator
R replacing the singular integral operator R in [1]. Thus,

Theorem 3. If s is real, r>k, and 0 < a< b< +w, the mapping u %> (Ru,u(a))
is a topological isomorphism of {H'* (O™ onto H'=2RS(Q)™ @ {H™~k+s)m,
where () = Qa.b.

3. Existence in the Cauchy problem for P. We assume that —o0 < @ < b < + oo,
Let

Ru = (Ru; la)) and Pe = (Pg; pla); (3/3n(a), -+ -, (3/3D™1p(a)).
Theorem 4 (compare with Theorem 9 of [11). If ~0< a < b < 4w, s is any

real number and r> (2m = D)k, then $ mapping H*5(Q) into H'~2kms(Q) &
Hts~k @ pres=3k g ... gr+s=Cm=1R 1,c 4 bounded inverse, where Q = Q“ b

Proof. Let f € H'=2km:5(Q) and Dy Pyreeerd o qS € H'+s=(2i=Dk pe oiven.
We must find ¢ € H"S(Q) satisfying P = (f; Brreees ¢ ). By Theorem 3 there
»S m
exists a unique element z € {H'0**(Q)}™ satisfying

Ru=14 - and u].(a) = (i)j“lAZk('"‘f)g*_;’., i=1,2, -0, m,

where ry =7+ 2k(1 ~ m). Let ¢ = l\'uf‘(m'l )u1 e {"=(Q). Since D, u; = A%,

j=1,00¢ym~1, one easily shows that

i+l?

D™$=D,u, and DI =ig = AZk(i'f)um_’-ﬂ, j=1y 00, m

This immediately implies that P¢ = f. Also an easy calculation shows that ¢ =
(0/3Y'¢(a)y j=1y+++ym Thus 9 is onto and by the open mapping theorem we
are done.
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4. Technical details.

Proof of Proposition 1. Let C; denote a constant depending only on £ = (£ )
and s which is not necessarily the same in each occurrence. Let P(s) be the
statement in the proposition corresponding to the real number s.

(i) We shall first show that P(s) is true for all s € (0, 1). .By Lemma-2.6.1 of
[2] it suffices to show that 2, [|{ .u||2 is equivalent to

“u"2 +C IIM xdy

)/I +2s
By Lemma 2.6.1 of [2] we have that

1€ (aulx) = £ (y)uly))?
IMIZHED NI ):ff e

|u(x) - uly)| 2|é’(:¢)|2

<Collull? + 2cszﬂ e dxdy
Ié( ) - C(y)l2
s B s
1£(x) - £
4.1 - Gl + i+ 26, 3 f f luly))|? dx dy.

|n+2

To estimate the integral in (4.1) we observe that

K( ) - L:(y)lz
T ff S jut)2axdy
i l<|x-y|
fl<lx-y| | nils “ "0— C' ||“||2

By the definition of N we have that

=1 X

T 146 =& <N sgp{f; sup|a, c(x)|2}|x |

for |x —y] < 1. Thus

1£6) - £
Eff |x—y|"+2$ Iu(y)lzdxdy

1

2 dx 2
< NC fRn lu(y)' dy J‘|x-Y|$l |x _ y'n—Z*Zs < Ncsccoouuns.
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Also P(0) and P(1) trivially hold.
(ii) We now assert that if P(s) is true for some s € [0, ) then P(s +1) is
true. Let u € HS*!, then

1Sl sy < NEall2 + 2 E 160, OuHZ +2 Z IIC(axiu)“i, i=1,2,....

But since we assume that P(s) holds and [|s + 1{]1=[s]+ 1 we have that
Z "(axjgi)ullz S CSNC§'5+1“"“§9 i= 1’ ceey 7

Thus 2, {12, < CNCy (2.
(m) Finally we shall show that if P(s) is true for some s € (-, 0], then
P(s - 1) is true. We know that z € H*™! if and only if there are elements ug u,,
seeyu, €H' is such a way that u = uy + 27 71 x u; with Ilull2 equivalent to
"0 lu || With P(s) assumed to be true and u havmg the above representation,
we have that

2
Z"C,-”o“ 15 Cchg,s"“o".z’
1

ZI0, ¢ N2 l_zu(a {)ullzsc WNCp w2 =1,

since [|s = 1|1=[|s| + 11=[|s|] + 1. Also

zno a2y s E"CujllisCSNCC's“u’.":, izl e, m

Thus,
leCuHs 1SCNCy Z lufi2<cNey oy lullZ_,

(note that C L,s <C Z,s-1 for s < 0). By combining (i), (ii), and (iii) the proof is
complete.

Proof of Proposition 3. Let C Lr, ¢ denote a constant depending only on
= «; )l s r and s which is not necessanly the same in each occurrence. Let
P(r, s) be the statement of the proposition corresponding to the pair of real num-
bers (r, s).

(i) For each t € R! , no point in R" belongs to the supports of more than
I, of the {(-,1)'s. Thus by Proposition 2, P(0, s) holds for all s € RL.

Remark. € H"+2%+ if and only if u, € }("s and u € H""°+2k; moreover,
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(4.2) Nl Zig o = a2 o+ a2 4 < 202ll2s

(i) Let r=2k (p=1) and s € R!, Then by (4.2) and Proposition 1 we have
2
_E'Igiu|'2k,s <2 Z ||(3‘§i)u"(2)'s +2 Z "C,-u,"g's + Z“(f‘"g_sﬂk
i i i i

for all u € J(2kss,

(iii) Now suppose P(r, s) is true for some 7 € (0, ) and all real s, We write
r=|r| = 2kp + 2k0, where p is a nonnegative integer and 6 € [0, 1). As above we
apply (4.2) and Proposition 1 to obtain

2
z “Ci“",nk,s <2 Z “(3,4,-)”",2,3 +2 Z "(,-",“,2,3 + Z “Cil‘",z,s +2k
i i i i
< Cn,scl(f' +2, s)"u",2+2k,s

for all u € H"**%°, Thus P(r + 2k, s) holds for all real s.

(iv) Now suppose P(r, s) is true for some r € (-, 0) and all real s. We
write 7 = 2k(-p) — 2k6, where p is a nonnegative integer and 6 € [0, 1). By Prop-
osition 2 we can write u=u,+ z|a|=2k Do’ua + Du, with the elements uy, u,, u,,
|a| = 2k, chosen in H"*° in such a way that ||u“'2__2k.s is equivalent to ““0“3'_,4'
E|a|=2k Iluallf.s + “"1“3,:’ Thus we can write

Su=Y¢u D) - a DBC,- . Da-Buai
4.3) Lei= Lt z ; ozz:;a (B)
t Z {Dt(ciu 1) - (Dtéi)ulxo

For |a| = 2k and 0< 8< a we have that

0%z, 0°=Bull _,, o S IDP, - PPy

r=2k,s = r,s-la-,BI"

By our assumption that P(r, s) holds for all real s we obtain

B -8 2
2||D gi. D% ua“r,s-la—B‘
i

j - 2
T > sup 23125, 012 [ 1D°~ 512, o g
t 0sjsp +2 x,t

|7islls - e -All+2k( 4534 4

Since [|s —|a = BlI1< [Is|] + la = Bl = [Is|] + 2k - |B|, we have that
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3 Ip8¢, . D“‘Bua|lf,s-|a-q <C, Crlp+2,9D* By walo fo-d
i
(4.9 <€, Crlo+2,9)ugll2,

Applying Proposition 4 of [3] and the assumption that P(r, s) holds for all real s
to the remaining terms in (4.3) yields

EIICiullf_Zk,s_ Lo+ 2,9 llugh? ; + Z lugh? g+ laegll2

"Zk

S C"'scg(p + 2’ S)“u"rz—zk‘s'

Thus, if for some 7 € (=0, 0) P(r, s) holds for all s € R!, then P(r~ 2k, s) holds
for all s € R%.

(v) If 7 € (0, 2k) and s is any real number than u € H"*° if and only if
ue€ }(o’s + and

l|«(8) - u(o) ||§

(-]
o= 7 e g 0 <

moreover, {“"“o st (u)}% is an equivalent norm for H™** (here «(6) repre-
sents the function xw»u(x, 0); see [3]).

Now let r € (0, 2k), in which case p=0, let s be real and u € S(R™*h),
Then

LIP3 AL
(4.5) l
< Cr,s Z"mo,s(ciu)"(z),r + Cr,s Z Ir,O(mo.s(giu))°
The first sum on the right side of (4.5) we estimate
=M, a5, = ZNEa 1

<C, C 0,7+ s)||u||0 s $C, €0, s)“u"rz.s.

The second sum on the right side of (4.5) we estimate
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(L)) - (L))
Z ’r.o(mo,s(éiu)) = Z ff " glu é;u (O)IISdedo'

w _al L+/k

1¢4)u(®) - ulo)}] 2 11£46) - £L0)u(0)] 2

522.” 16— o] L*7k dada‘Lz;ﬂ T dfdo

1

=2, +2, ueSR,

Clearl
¢ 14(6) - (o)) 2
11€,,€000,9) [[ ————Zdbdo

|60 - of1*r7k
<, €10, M,

By Proposition 1
L0 - L@NuDN2 < C,. €0, N2 for u € SR,

which yields

1Z(6) - ¢(Mulo))?
Z ff |0_0|1+r/k d§do

i 1<|6-0c]

do

2
< Cn,scg(o’ s) le “u((i)"sda 1<|o-6| o - 0|l+r/k

<C,,. Cr0,Muld  <C, , Cr Mal?, for u e SR™™.

n,r,s
As in Proposition 1 we can find a positive N satisfying the property that, for
any y € R", supp (é'i(O) - Cl.(o)) Ni{x € R®: |x - y| < 1} is nonempty for at most N
of the functions £{6) - {(0) independent of 6 and o where |6 - o|<1. By Prop-
osition 1 and the mean value theorem there exists C”.s > 0 satisfying the prop-
erty that, for any 6, 0 such that |6 - 0| <1,

T 11446) - ¢(oNu(8)]|2

<C, (N{sup > sup |71 (x, 0) - {{x, o)ﬂz}"u(ﬂ)"_z
T lalslfsler =

< Cn'sN {sup Z sup|r?g'r?lé'i(x, t)|2}|0 - olzllu(e)"g.

i |a]s[|s|] +1 X,

Thus we have that



PSEUDO-DIF FERENTIAL ESTIMATES 369
1246) - £(0)}u(6)] 2

zsz lo_ollﬁ/h

<C. NC,(1,s) 2 S —
= “n,s 14 s J‘Rl“u(a)“sdo fle-oisl |0_a|r/k-l

<C,, NC(1, s)||u||r2.s for u e XR"*H),

Asatresult, I,<C, _ C,1, s)l[u“f’s for u € S(R™*!) and we are done.

(vi) Now let r € (=2, 0), in which case p = 0, and let s be any real number.
Again by Proposition 2 we can write u =u, + 3 al=2k Da'ua + D u, where the ele-
ments ug Uy %5 |0 = 2k, are chosen in H'*?%+* i such a way that Ilu“,zs is
equivalent to ""o“fﬂk.s + zla|=2k llua||f+2k.s + ““1“3+2k,s' As before we ex-
press 2, {.u in the form of (4.3). Since r+ 2k = 2k(1 - 0) € (0, k) we can apply

Proposition 1 to obtain

Z “ ci“o":s < 2"4,-“0",21»215,3 < C,,,scg(l: $)||“o“,2+zk,s’
i i

2 2 2
Z “Da(ciua)"r.s < E |I<iua“r+2k.s < Cn.sCC(l’ S)“uauf'nk.s
i i

for |a| =2k, and
ZlIDt(giu)llf,s < Z I Ciul"rzﬂk,s <C,sC(L, $)||"1“y2+2k.s'
1 1

Finally for |a| =2k and 0< B8<a, Proposition 1 yields

- -8 2
SIDAL, - D2 Pu |2 < ZIDAL,« D2 PuglZigy s -fa-s|
i i
- 2
< Cn,sCDB;(z' s - |a-pgpID* Bua"r+2k,s—|a-[3|

< Cn,scl(z’ s)“u¢:L||r24'2k,s‘

Thus 2, ||¢,-u||2 <C ;(2, 5)“'4“,2’5 for u € H"* and our proposition is proven. The

7yS —
following proposition is due to H. Kumano-go..

Proposition 4 (see Proposition 5 of [3]). Suppose a € C;'(R""‘I) is given.
Then for every real r and s

6] m"sa —a. mm is a bounded mapping from HP7 into HP-7=5+1 for any
real p and o, and

(ii) a. is a continuous mapping from H"*° into itself.
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Proof. Let H™"(R¥)=U e (R¥) and let £7(R*) denote the set of all linear opera-
tors from H™"(R*) into H™"(R*) which are infinitely smoothing. For 0 <8<p
<1 we let S‘Zg.s(Rk) denote the set of all linear operators G: H™"(R¥) — H~"(R¥)
such that there existsa p € S"’,'. S(Rk) satisfying G - p(x, D) € £-"(R*). Recall
that

€, N =12+ 1+ |E1DH/4% and AE)=11 + |£|H/2

for £ € R", 1€ R'. Clearly A° € S5 ((R™) and a € 5] ((R™*!) for all ¢ € R where
a(t)(x) = a(x, l)u
With [A, Bl = AB - BA we have that

NOT, gralull,_, o gay = 1M, AT=SIOR, A%ae = @, ANullg

< |IA® “D]'(p.o, adully o+ AT *2, a-Dﬂp.ou“o,o

~s+1 -s+l
+IATTTT0N,_, o @ TN A%ullg o+ IA77570, a0, Aully
=L+ L+ 1+,
By Corollary 2 of Theorem 4.1 of [5] we have that A ). ] and A5, &) . ]

are uniformly bounded with respect to ¢ in Q‘{.O(R”) and QITBS(R"), respectively.
Thus,

,2 _<. Co— “mp’ou“o'a— = Ca— "u“p.g ’ I4 S C"o- “mp.oAsuno.a - = C,U “ullp.o- *
To estimate I, and I we employ Corollary 2 again:

1 (a)
(4.6) My 00 =aM, o= 2 a'l“'(a)mp.o +Row
o<k|sN

po=N/2k .
where @y = a:.ta', mfoc:)o = (D?’tQp)(Dx. Dt), and R NE gl?u (R™) with

Po= max{p, p/2k}. However the functions Aa*la(a)(tf’are uniformly bounded in
S‘l"'ol(R") for ¢ € RY; also IDE !Qp(f, | < G L, 0P for a£ 0 and (&, 1) €
R"’“. Thus ' '
+1 (a)
1A% " a, :;a,%”“o.o < Coo Mully 5 41

“@.n <Gl o $Cllul,, for ato.

Now let us write
+1 +1
A° RP.N=AU m-(cr +1)'.0m(cr+1Y.0mp.~m-p-o".0] mp.om ", 0

where (0 + 1)’ = max{0, o + 1} and 0" = min{0, o}. We observe that
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s +l(§ )Q-(o- +1 )'(‘f, < C, and

0P, NQ°" &, 1) < 0P, N (£), (&, 1) e R™1,

Also m(""l)'oog{P.Nm-P-o".O € ‘9(1)/2}. O(R"“) for sufficiently large N. Hence we
obtain .

IR <CylM, Mw gully o< C

P, N”“Q 0 - N p,C “u“p’a"

Combining (4.7) and (4.8) we obtain I, < C ||u|| o+ If in (4.6) we replace p by

p-rand 0 by 0~ s we obtain

AT a2, R, Al S G o U, W, Al

(a)prO 7,0 p=r,0"7r,0
4.9)
S aa“u"p_l¢7+1 "u“pa fOtCL£0
and
o =s+l
(4.10) 1A= ﬁp -1, Nmr oA ”“o,o s CN"mp-r Om(cr-s)' 0 A ""o 0

Crpo M A%l s = Cyp, c,uuu e
for sufficiently large N. Combmmg (4.9) and (4.10) we obtain I, < C llull
part (i) of the proposition is proven. That a - is bounded from }( ** into 1tself is
now obvious.
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