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PSEUDO-DIFFERENTIAL ESTIMATES

FOR LINEAR PARABOLIC OPERATORS
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DAVID ELLIS

ABSTRACT. In recent papers, S. Kaplan and D. Ellis have used singular inte-

gral operator theory, multilinear interpolation and forms of the classical "energy

inequality" to obtain results for linear parabolic operators.   For higher order lin-

ear parabolic operators the local estimates were globalized by a Garding type

partition of unity.   In the present paper it is shown how the theory of pseudo-dif-

ferential operators can be used to study linear parabolic operators without re-

course to multilinear interpolation.   We also prove that the Gârding type partition

of unity is square summable in the Sobolev type spaces H    and K ' .

1. Introduction.   In [l] we studied differential operators of the form

Pix, I, Dx, Dt) = D aa.ix, t)D^D[
\a\ +2kjs.2km

with a»      nonvanishing and the functions \a    . : |a| + akj < 2km\ belonging to the

class C„ ÍR"    ) of complex valued functions having bounded derivatives of all
-,71+1

orders on R"      (our notation is the same as that used in [l]).   In addition, we as-

sumed i

that if

sumed that P was uniformly 2k-parabolic on Rn    , i.e., there exists 8 > 0 such

P0ix, t,Ç,z)= Z        aaJix,l)r^=0
|a|+2fe; = 2*7i»

for (x, t) £ R"+l and f £ 2 = !£ £ R" : |£| = l!, then Im z > 8.  We assumed that

5, a module of parabolicity for P, was fixed throughout.

By means of a change of variables we associated with P an evolution opera-

tor R = d/dt - HÍt)A     - fit), where Hit) on /(/) were matrices of singular inte-

gral operators.  We also saw that the eigenvalues of hit), the symbol of Hit),

were uniformly contained in a fixed compact subset of the open left-half complex

plane.   For such matrices as hit) we proved an important algebraic inequality (see

Theorem 1 of [l]).  Using this algebraic inequality and a Garding type partition of

unity on Rn*   (denoted by (£.) ~) we extended a form of the classical "energy

inequality" for constant coefficient parabolic operators to an energy inequality for
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our variable coefficient operator R.

As in [3] we employed the Hilbert spaces Kr,s, r, s real, and their quotient

spaces Hr,s(fl), 0 an open "slab" in R"+ , since they are naturally tailored for

parabolic operators.  We also employed the maps M   a, p, a real, which are the

natural isometric isomorphisms of KTfS onto ¡V'p,s~cr.   In extending our "energy

inequality" for R to the Kr,,s(fi) spaces we employed a proposition of S. Kaplan

(Proposition 5 of [3]).   This  proposition essentially says that if a £ C^ÍR"    )

then the commutator   D1Ï   _» a • ] = M    a • - a • Jlî     is smoothing in the space vari-
r,s t,s r,s ° *

able. We remark that Kaplan uses multilinear interpolation to prove this proposi-

tion. Finally, in Theorems 4 and 7 of [l] we showed that if -«> < a < b < +«> and

s is a real number the mapping ep<^*Jcp = (Pep, cpia), id/dt)cpia), id/dt) cpia), • • • ,

id/dt)™-1 cpia)) is

(i) one-to-one from W'síü) into Kr-2km'5iU) ®Hr+s~k © Hr+S~5k 0 • • • ©

Hr+s-{2m-\)kt but

(ii) is onto for all r > (2?72 - l)k where r is 720Í an odd multiple of k (which

would seem to be a particularly unnatural restriction).

In this paper we will (i) develop a smoother calculus for the partition of unity

(C)'i   on the Hs and Kr,s spaces (Propositions 1 and 3), (ii) express R as a

matrix of pseudo-differential operators and eliminate the restriction on r in the

Cauchy problem for P, (iii) present some remarks by   H. Kumano-go concerning

estimates on the commutator [3IÎ   _, a • ] which obviate multilinear  interpolation
r,s

(Proposition 4).

2. The energy inequality.

Definitions, (i) For any real number 772, we denote by S1" pRn), 0<8<p<l,

the set of all functions p £ C^ÍR" x R") which satisfy with constants Ca a

Id^pix, 0\ <Cai0XiOm-pW**W    on R"xR«

for all a, ß; here A(£) = |l + |f |211/2. S^jÍR") is a Fréchet space with the semi-

norms llllpllt^-sup^ \aaxd§pix,e;)\Xie:)M-"'-S\a\. Set S» - ¿*0(R*).

(ii) For p e S™8(R") we define the operator P = p(x, D) by

Pa(x)=(277)-B/2   f    e^^pix.OuiOdit,

where "u is the Fourier transform of u £ §(/<"); we say p is the symbol of the

pseudo-differential operator P. If u £ biR") then Pu £ SO?"), and for any real s

there exists C = Cs such that

\\P4s<C\\4s+m    for all aeS(R").

In reducing P to first order in t we express  P as  P = PQ + Pj where the

principal part of P is
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P0ix, t; Dx, Dt) = Dmt  + £ p/x, t; DJDf-i,
7=1

p.ix, t; £) is homogeneous in f of degree  2kj. Also P.(x, /; D. D) = 2?. qlx,t; DAD™'1',

where a;.(x, /; £) = 2|a|<2,.y aam_.ix, t)£a, j = I, 2,..., m.

As in [l] we are led to study the evolution operator R = id/dt)l - Hit)A     -

/(/).  However, here Hit), A and /(/) are matrices of pseudo-differential operators

whose symbols are given by

0 1 0

0 0 1

(2.1) hix, /;£) =

Xig)l, and

"1

S-pix, t; &XÍO)-/>,(*. t; £A(£ )),

0 ... 0 0

o ... 0 0

-a   (x, /; <f ) qAx, t; Ç)

A(f)2*(z«-1) x{Ç)2k
-<7i(*. t; £),

respectively, for (x, /; f ) £ Rn+1 x Rn.  We note that hix, t; £) and /'(x, t; f ) be-

long to bounded subsets of S    and S k    , respectively, uniformly in t £ R .  By

definition of 8 (a module of parabolicity for P) there exists a compact subset

A of C having the property that A C \z : Re z < -8\j2 \, and that each (x, t; £) £

Rn+   x S the eigenvalues of hix, t; f¡) ate contained in A.

Let zr(A) denote the set of matrices of the form (2.1) whose eigenvalues are

contained in A.   If we let t = 8/2\¡2   in Theorem 1 of [l] and denote nih)r$ ,2v,y   by

nih), then we can find constants C. = C.(A, 8, m) > 0, i = 1, 2, such that for each

h £ jHA) there exists a nonsingular matrix nih) satisfying

C2\nihX\<\C\<Cy\nih)C\,    and

Reinibr1knih)CO<-i8/4fi)\t\2    tot all CeC".

For h £ 77(A) and Rib) = (d/óV)/ - ¿A2¿ - jit) we have the "energy inequality":

there exists C = CÍ8) > 0 such that if -°° < a < b < +°o then

Z""" ^"' /"*    Ä

-yll"^Ho-Tll"MI20 + -f £ ll«0)||jA +C2v\-C)J* ||a(/)||gA

< Re £ íníh)-lÍR + XDuit), nib)-luit))0dt
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for all u £ \C™ÍRn*l)\m and X > 0 with Cj, C2 as above (here  ||a||2 = (a, «^

where (a, i/). = fMg)2*ui£ft{t)dÇ; see Lemma 2 of [l]).

At each point (x0, <0; çQ) £ Rn     x 2 we have an energy inequality for

Rihix0, t0, f „)) = R + ÍHÍt) - hix0, tQ, f 0))A2*

when applied to functions whose supports are concentrated near (xQ, tQ) (here A

is given by (2.1)).   Thus, in order to obtain an energy inequality for R, it would

seem natural to employ a partition of unity on R"     and obtain an estimate on the

norm of the "error" operator Hit) - Mxn, /„» £0).   For part of this estimate we em-

ployed a variation of a classical theorem due to Kohn and Nirenberg (Theorem 5 of

[4]).   For our present method we employ Theorem 5.3 of [5] for symbols of class

S   j(R").  Since our technique requires that locally the operator norm of Hit) —

hix0, rn> f 0) be "small" and since the Kumano-go theorem requires some control

of lim sup* \hix, t; ¿; ) - hix, t; £0)|, we have taken f "close" to zfn and employed

another partition of unity on 2.  Unlike the partition of unity on 2 employed in

[l], our present partition of unity should give rise to pseudo-differential operators.

Our symbol hix, t; £) defined by (2.1) is in S    for each / but it does not

satisfy inequality (3.15) of [l].   Thus we define

(2.3) / 0 0 0

/ 0 0 1.
hHix, t;f)-i\

\pmix, t; f/|f|)-pm_1(x. t; m\)-P,U» t; tflÉty

for <x, t; f ) 6 Rn+1 x ÍR" ~ !0}>. Clearly A#(x, /; <f) £ 77(A). As in [l], given a

fixed small positive number rj we construct a sequence of cubes (Q .). satisfy-

ing the properties:

(2.4) (i) they overlap in a manner that any fixed point in Rn     is contained

in exactly 2n+   distinct cubes except for points on \Ji dQ^ and

(ii) ||¿"(x, t; f ) - h\x., t.; OW < r,/2, Í = 1, 2, ... , for all (x, t; f ) £ R"+1

x 2 where (x., t.) is the center of Q. and Xj = 0, tl = 0.

Choose C e C^Q^ so tnat ° < £< l- For each i 1" £,• De a translate of Ç

satisfying £. £ G~(Q.), Cx = 6 and 2£, ¿2 = 1 on Kn+1. It is clear that for any

nonnegative integer 772 there is Cm = Cjjj) satisfying

pl+ysrn 1

for all {x,t)£Rn*K

For a fixed (x., t{), the center of Q., and £„ e 1 we write
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hix.t; 0-h"ix,t.; «f )
(2.5) '    '     °

= ihix, t; O- h"ix, t; £„)) + ih'ix, t; £„) - ¿>"(x., t.; «*„)).

When multiplied by £. the second difference on the right side of (2.5) will be

bounded in absolute value by r¡/2.  Since (ef/A(cf )) - (£/|<f |)   —» 0 as  |cf | —» »,

estimating the first difference on the right side of (2.5) reduces to estimating the

difference h\x, t; £)-b\x, t; «*,) for large  |f | and «f/|«f| near «fn.

Given the number r¡ > 0 above, there exists <5 > 0 satisfying

\\h\x,t; 0-h\x,t; «f0)||<i>/2

for all (x,t) £ Rn+1 whenever |f - cf „| < 8.  Fixing £Q e 2 let Í2, 0', Q" be open

neighborhoods of tf„ on 2 satisfying fl" C C Q' C C Q = frf e 2 : |tf - rfj < Si.  Let

Bp=lfeR": |£|<pl and let K" = k"uB1/4, K'-k'uB^, K=kuB3/4 where

K , K , K ate the open cones subtended by Ü , Q , Í2, respectively, having their

vertices at the origin.   Let Oy, Oy • •, 0f  be a set of rotations on R" for which

Oj (Q"),"«, 0~ (iï) is a covering of 2 (r depends upon 77).  Clearly we can find

functions Ay,---,Ar and ip^,... ,ip^ satisfying

(i)  A., A. £ C~ÍR"), 0<e.<l,0<A.<l,

(ii)  supp A. C OJHk') and ^.«, </>2 = 1    on R",

(iii)  supp A. C O^iK) and ip.= l on O-^K').

Thus we conclude the following:

(2.6) sup   ÏÏm    \\<P .ÍOÍÍbix. t; £) - è#(x. /; £.))|| < r,/2

where £. =.0"1(zf„), / - 1,.... r.   Also

(2.7) sup |K.(x. /)[A#(x. t; f,) - /b"(x., í.; 0| < V 2
x,t

íot i = 1, 2, • « «, and /' = 1, • • • , r.   Since (p ,,tp . £ S    and ^ . = 1 on supp c£. the

pseudo-differential operators <P. = A{D) and V . = xp .(D) satisfy

(2.8) "V/-*;'       /-!•••••'•

Moreover l.iÇ.it)u, £iit)v)Q = (a, tz)0 for a, tz e f/°, and 2r=i ($.a, O.zz)^ = (a.f)s

for u, v £ Hs.   As in [l], the reader should bear in mind that the above construc-

tion and choice of (ß.)» (£•)» (0 •) > < *A •) and r depends upon the number r/ sat-

isfying (2.4).   Thus if / is any positive integer we have, by Leibnitz* rule, that

(2-9) \zU.it)u\\2-C0\\u\\2\ ^iNlil,

for all u £ CTiRn) where Cn = Cn(/) > 0 and Cy = C,(/, r¡).

We now state a stronger version of Proposition 3 in [l].   Let (C¡)i   be a se-
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quence of functions satisfying

(i) ¿. « C~ÍR"), «-1,2,...,

(ii) no point in Rn belongs to the supports of more than k    oí the £.'s (here

k    is a fixed positive integer),

(iii)  supxS£ |rJ££.(x)|2 < »o for each multi-index a.

For such a sequence (Ç^f there is a positive integer N = Nin) so that, for

any y £ Rn, supp £¿ Cl {x £ R" : \x — y\ < 1 } is nonempty for at most zV of the £f's.

Proposition 1.   Let Ç, = (C-)\    be a sequence of functions as described above

and suppose s is real.   Then there exists C      >0 satisfying

i

where N is given above and

Cç<s = supj       Z      suplt^^.WI2}

íhere  \s\ is the integral part of s).

Proof.  See §4.

Corollary.   // 2. \Q2 = 1 on R", then ^Kfll is equivalent to ||a||2,
u£Hs.

Proof.

\iu, v)\ = 1(^7^)

< z M.M- *c Z1M.M-..   »«»■.«'« «_s-
i f

Thus  ||zz||s = sup{|(a, 7,)|/||v|| _s:v£ H~s, vZ0}<CÏ. K.u^ for u £ Hs.

As in [l] we let h.. = h*ix* t.; f .)> ¿=1,2,..., ; = l,«««, r, where

h íx, t; rf ) is given by (2.3).  Define

Rl> = d/dt - hiA2k - Jit),

where the symbol of /(/) is given by (2.2).  Define «.. = nib A.

Theorem 1   (see Theorem 2 of [l]).  Let R = d/dt - Hit)\2k - jit) and let

-oo < a < b < +00.   Then there exists constants C'i8) and C"(<5) > 0 satisfying

^■\\uib)\\20 - ^UzzMI2 + CÍ8) £ \\uit)\\2kdt + C2(A - C'i8)) J* \\uit)\\20dt

< Y Re  \b in-.^.iAQ.iR + X/)«(/), «r/CXf)* j<0))0*
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for all u € \C°TÍRn+1)\m arza" all X>C~l.

Remarks on proof.  While the proof of Theorem 1 here employs the theory of

pseudo-differential operators, it essentially parallels the proof of Theorem 2 in [l].

A perusal of the proof of Theorem 2 in [l ] should convince the reader that the fol-

lowing revisions will suffice to prove Theorem 1 here:

1. An application of Theorem 2.3 of [6] to [O., Mi)] shows that its operator
¿1 h '

norm as a mapping from H~  ~    into H~    is bounded by a constant Cfc indepen-

dent of t.

2. Applying (2.4), (2.6), (2.7), (2.8), and Theorem 5.3 of [5], we obtain, for

arbitrary f > 0,

/" /"" C  ?\

-1 \\uib)\l - -1 \\uia)\\20 + -i- £ jba MiMfitnldt + (A - C) jba \\uit)\\20dt
i.j

(2.10)        < £ Re £ (»-/¿/fyR + A/)a, nj^f^dt
i.i

+ ie+rl)C £ \\uit)\\ \dt + Ci(, r,) /* \\uit)\\20dt.

In [l] we employed an elementary inequality (Lemma 3 of [l]) to estimate

2. . \\£$.uit)\\ I from below.   But by (2.9) we obtain

(2.11) £ wc-m^uni > c0\\uit)\\2k - Cy\\uit)\\i
i.i

where CQ = CQik) and Cj = Cyík, r¡) > 0 are independent of /.   Letting t = r¡ =

C,/5C in (2.10) along with (2.11) completes the proof.

Remarks on the extension of the energy inequality to distributions.  We refer

the reader to [3] for the various properties of the Kr,s and Hr,i(Q) spaces.

Proposition 2 (see Proposition 5 of [l]).   Let p be a positive integer.   Then

u £ Kr,s if and only if u has a representation of the form

u~u0+      L    Daua+Dpup

\i\ = 2kp

where uQ, ua, u   £ KT+2kp,s for \a\ = 2kp, in such a way that ||«||riJ is equiva-

lent to

ÍKHr+2AP.S +       £       II«a ll,2+2*p.s + HBpHr+2*i.s ?
\°\ = 2kp )

/2

Proof.  See [l].
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As in [l] we write

[cp, ifj] =   f        cpix, thfjix, Ùdxdt,       ep,xfj£ C~(Rn+1),
JR«+1

which when extended makes Kr,s and K~T'~S dual Hilbert spaces.

Now Proposition 6 of [l] stated the following:   Suppose (í.)*!"   and (p-)T

ate sequences in CQÍRn    ) which satisfy the conditions that for each a and /'

(2.12)        sup £ \daxd[(;p, t)\2 < oo    and    sup £ |<9* <?{p.(x, <)|2 < «,.
x.t    i x,t    i

Then for every pair of real numbers r and s the form 2. [£.d>, p ffr], cp, iz> e

^0 )• extends in a unique way to a continuous sesquilinear form on KT,S x

K~T,~S.   The proof of this proposition relied on Calderon's multilinear interpola-

tion theorem.   However, we can develop a smoother calculus of such sequences

(£■),   as follows.

Let (£.)T be a sequence of functions satisfying

(i) ¿. £ C~(R"+1) for each ¿ = 1,2,...,

(ii) no point in Rn*    belongs to the supports of more than /   .. of the £.'s

(here /    .   is a fixed positive integer),

(iii) sup^ , 2. |o^(9'(^.(x, r)|   < oo for each multi-index a and each nonnega-
X f t       I       X    t   t

tive integer ;'.

Proposition 3.   Let C= (£-)\   t>e a sequence of functions as described above

and suppose r and s are real.   Then there is a constant Cn s > 0 satisfying

ZIK,<s<Cn,sCç(p+2,s)||z2||2_
2

s

for all u £ C™ÍRn+ ), where p is the unique nonnegative integer satisfying \r\ =

2kp + 2kd, d £ [0, 1), and

C^ip, s) = sup \ Z sup |<9* ¿¿p, t)\A.
i     (o<¡ys/j;|a|s[|s|]+2¿/> x.t \

Proof.  See §4.

Corollary. // 2. |£.|2 = 1 072 Rn+1, then 2. K^l,s is equivalent to \\u\\2 >tf.

Proof. See the proof of the Corollary to Proposition 1.

In the proof of the generalized "energy inequality for distributions" (Theorem

3 of [l]) we applied Proposition 5 of [3] to estimate the boundedness of the com-

mutator Olî0 p, H], p = r + s - k.   In Proposition 5 of [3]. S. Kaplan uses singular

integral operator theory and multilinear interpolation to prove that (i) the operation
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of multiplication by a e C^ÍR"    ) is continuous on KT,S and (ii) Jlï    a . - a • M

is a bounded mapping from sip,a into i{P~r'a'~s* for any real p and <7 with 0 < 1.

H. Kumano-go has remarked that in the L    theory of pseudo-differential operators

interpolation theory is generally unnecessary.   In particular he employs the theory

of pseudo-differential operators to show that M    a • — a .%     is bounded from Jv ,cr

into Hp-rt<r+1 (Proposition 4 in §4).

The revisions in Theorem 4 of [l] (uniqueness in the Cauchy problem for P)

ate fairly obvious and are rather minor.   The revisions in Lemma 5 of [l] are very

similar to the revisions stated for Theorem 1 with our pseudo-differential operator

R replacing the singular integral operator R in [l].  Thus,

Theorem 3.   // s is real, r > k, and -» < a < b < +<», the mapping u &$(Ru,u(a))

isa topological isomorphism of {KT'siü)\m 072/0 fHr-2felS(Q)¡m 0 \Hr-k*s\m,

where Ö = ÍÍ    , •
a,b

3. Existence in the Cauchy problem for P. We assume that -<» < a < b < + ».

Let

3va = ( Ru; uia))    and    ?A = ( PA; 96(a), íd/dt)AÍa), • • •, id/dt)m~ xAia)).

Theorem 4    (compare with Theorem 9 of [l]).  If -<» < a < b < +<», « is any

real number and r>Í2m-l)k, then  9 mapping Hr's(ß) into Kr-2km'siÚ) ©

Hr+s-k 0 jjr+i-3* 8 ...e Hr+s-(2m-l)k has a bounded inverSe, where Q = ÍL ..

Proof. Let/eK'-^^^andrAj, A2,...,Am, A. £ HT*s-{2j~l)k, be given.

We must find A £ síT,sÍCl) satisfying jA = (/; Ay,..., A   ).   By Theorem 3 there

exists a unique element u £ [K °' (Q)}m satisfying

0

and    ay(a) = ii)'~ lA2k(m-»A.,       j = 1, 2, Z7Z,

where rß = r+ 2kil - m).   Let A = K-2k{m-l)ux £ Hr's(ß).  Since D/«;. = A2*ay+1,

j = I,..., m — 1, one easily shows that

D?ó = Dtum and Dr_,V' = A2fe(i-y)"m_/+r   /-1»••••»

This immediately implies that Pr£ = /. Also an easy calculation shows that r¿. =

id/dt)'~lAia), j = 1,. • •, Tzz. Thus 5* is onto and by the open mapping theorem we

are done.



364 DAVID ELLIS

4. Technical details.

Proof of Proposition 1.   Let C' denote a constant depending only on Ç, = (£.)

and s which is not necessarily the same in each occurrence.   Let Pis) be the

statement in the proposition corresponding to the real number s.

(i) We shall first show that Pis) is true for all 5 £ (0, 1). .By Lemma 2.6.1 of

[2] it suffices to show that 2; ||£¿zz||s is equivalent to

11 112    ^   fC l"(*) - "(y)|2 j   ,

By Lemma 2.6.1 of [2] we have that

-r|ax)zz(x)-/.(yWy)|2

\uix)-uiy)\%ix)\2      J

< C0Ml + 2Cs £ JJ —-—A-dxdy
i  JJ \x-y\n   2s

(4.1) = C0||a||2 + C's\u\\ , 2C,£ff'^"^   |U(y)|2z/xa-y.

To estimate the integral in (4.1) we observe that

7i<|x-y|   I*-?,"*2*

<C'    f   .        .-£.-||zz||2<C'||u||2.
-     s Jl<|x-y    |„      v|»+2s"   "°-     s"   "*

By the definition of N we have that

Z KW - <(y)|2 < N sup j Z sup |ÓV<;.(x)| 2\\x-y\

for |x - y| < 1.   Thus

rfl^)-^)|2

<NC   f     |z/(y)|2*y  f       ,     -—-</VC C,Ja||2.
JRn '    7I      7 J|x-y|sl |x_y|fl-2+2s-        *    Ç.0"»*
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Also P(0) and P(l) trivially hold.

(ii) We now assert that if Pis) is true for some s £ [0, <») then Pis + l) is
s+l

true.   Let u £ H      , then

ll^+1<IK,"lls2 + 2Z WxQ4l + 2Z upx«n],    «-=1.2.....
,=1    ' ,=1      '•

But since we assume that Pis) holds and [|s + l|] = [s] + 1 we have that

Z \\Ux.QuW2s<CsNCr..sn\\»\\l>      /= 1, •••« «•
« '

Thus2.||,:.a!|2+1<CsNCç>s+1||a||2.

(iii) Finally we shall show that if Pis) is true for some s £ (-», 0], then

Pis — 1) is true.  We know that a £ Hs~   if and only if there are elements uQ, Uy,

.... «   e Hs is such a way that a = a0 + 2?=1 Dx.a. with ll"l|2_i equivalent to

2"_0 ||«.||2.  With Pis) assumed to be true and u having the above representation,

we have that

ZK*o«Li<™cÇi>0ii2,
i

Zll^.^-llL^ZII^.^II^^/VC^^IIa.112,       7=1.---,«,
i ' i '

since [\s - 1|] = [|s| + l] = [\s\] + 1.   Also

LllD* fbfll.1 < ZIW2 < c^cl>,«2.   / = ». • • •. *
z ' Í

Thus,

ZU^l-t<^NCLs-i ¿ l«^SC^t.-iWÎ-i
i ,=0

(note that C.    < C. s_j for s < 0).  By combining (i), (ii), and (iii) the proof is

complete.

Proof of Proposition 3.   Let Cr       denote a constant depending only on
s»r,s

£= ((.). , r and s which is not necessarily the same in each occurrence.  Let

Pir, s) be the statement of the proposition corresponding to the pair of real num-

bers ( T, S).

(i) For each / £ R , no point in Rn belongs to the supports of more than

/n+1 of the £.(•. f)'s.  Thus by Proposition 2, P(0, s) holds for all s € Rl.

Remark, u £ JC+2*'5 if and only if a, 6 KT'S and a € Hr,s+2*; moreover,
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(4.2) II2 = Hair     + ||a"2Us < 2II2/II2
r,s+2* -     Il   llr+2t,s

(ii) Let r = 2k (p = 1) and s e R1.   Then by (4.2) and Proposition 1 we have

zmû.« *2 zim^iio.s+2 z »wt+iMU
« i i 1

for all u £ K2*»5.

(iii) Now suppose Pir, s) is true for some r £ (0, 00) and all real s. We write

r = |r| = 2¿p + 2¿0, where p is a nonnegative integer and d £ [O, l).  As above we

apply (4.2) and Proposition 1 to obtain

Z I««*., < 2 Z HQ<S + 2 z I w;.. + Z M?, s+2*

<c,i.*cr> + 2^NI2+2*.,

for all a 6 Kr+2*A   Thus  P(r + 2A, s) holds for all real s.

(iv) Now suppose P(r, s) is true for some r e (-00, 0) and all real s.  We

write r = 2/U-p) - 2£0, where p is a nonnegative integer and d £ [O, l).  By Prop-

osition 2 we can write u = u0 + ^|ai=2fc D<Zaa + Dtul   witn the elements "0* "a* "i*

|a| = 2k, chosen in Kr,s in such a way that ll«l|2_27. s is equivalent to ||«0||2 s +

2la|=2z{ »"al',, + KlV   T*1"8 we can write

Z^Z^o + zW,")- z (l)D%-Da-\\
(4.3) i i i   i 0</3sa \p/ \

1

For \a I = 2/é and 0 < ß < a we have that

By our assumption that Pir, s) holds for all real s we obtain

LI^-a-*-.i;..-|.-4

^Cr,.*< sup
I

z
Osysp +2

|7|s[|s-|a-z3||]+2fc(p+s)+|/3|

supl^^U,,)!2    ||Da-^a«2s.|a_^.

Since [\s - |a - j8||]< [|s|] + \a- ß\ = [|í|] + 2k - \ß\, we have that
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Z\D% . D-*uX,_\a_4 < CnsCAP + 2, s)||Da-ß«a||;U-|a-4
I

(4'4> <C7,^(/> + 2,s)||aJ|2s.

Applying Proposition 4 of [3] and the assumption that Pir, s) holds for all real s

to the remaining terms in (4.3) yields

ZII^Hr-2^<^Cc(p + 2,S)j||a0||2s+    Z    KlVKHl
H-2*

<c«.scOP+2>sï\\42r-2k,
2

s'

Thus, if for some r £ (-«>, 0) Pir, s) holds for all s e R1, then Pir- 2k, s) holds

for all s £ R1.

(v) If r £ (0, 2£) and s is any real number than u £ Kr,s if and only if

aeH°'s+rand

moreover, i||«||0 s+r + 'r s(")l     is an equivalent norm for Kr,s (here uiO) repre-

sents the function x^^*a(x, 0); see 13]).

Now let r £ (0, 2/fe), in which case p = 0, let s be real and a £ S(Rn+ ).

Then

£IK<, = ZII\X-<oi i

< Cr.s LPo.X-»)|lo„ - Cr.s Z ^A.«Í*
i i

The first sum on the right side of (4.5) we estimate

i i

< CTSCriO, r + s)\\4ltr+s < Cr#sCç(0, s)||a||2s.

The second sum on the right side of (4.5) we estimate



368 DAVID ELLIS

r,    *     f/  tt     ^,fIK<-Kö)-(^)(a)||2

Hp)\uid) - uio)\\\2s m^fl) _ cp)Uid)\\:

-<2?J/-~ffTTwr-i^-2Z// \d-o\1+r/k

= 2/1 + 2/2,      u£SiR"n).

Clearly

By Proposition 1

Z IHC/Ö) - ¿.WWÖ)|| 2 < CnsC£(0, s)||zz(fl)|| 2    for u £ bíR" + l),
i

which yields

2    l<|fl-er| I0"0'!

•¿öo'CT

<C     C,(0, s)  f     ||a(9)||2a-z9 f   .      a. -^— -
-      72,S     4V   ' JR1   " "s Jl<\cr-0\   I     _ ^1 1 +r/*

< C.#ra-Ct(0, s)||a||2s < Ctt#f#sCE(0, s)||a||2s    for a £cS(R»+I).

As in Proposition 1 we can find a positive zV satisfying the property that, for

any y £ R", supp(£.(0) - £.(ov) O fx £ R" : \x - y| < 11 is nonempty for at most N

of the functions ¿,.id) - ¿,.io) independent of d and a where  |0 - o\ < 1.  By Prop-

osition 1 and the mean value theorem   there exists C      > 0 satisfying the prop-

erty that, for any d, a such that  |0 - ct| < 1,

Z\\tp)-tp)}uid)\\2s
i

<CnN hup        Z       sup | »* ! CP. d) - Cp, a)\\2\\\ uid)\\ I
'    \ '   H4|s|]+i * j

„snÍsuP Z       supl^^C/x, <)|2l|z9-a|2||a(6)||2.
*     ( i   \«H\s\]n *•< )

<c

Thus we have that
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_JIC/0)-<r/o-)!a(0)||2
z|f- \d-a\l+r/k

do

a\r/h-l

^ Cn.r.sNC^, s)H"llr,S     ÍOtU£kRn+1).

As a result, ¡2<Cnr sCril, s)\\u\\2 s lot u £ S(Rn+1) and we are done.

(vi) Now let r £ (-2&, 0), in which case p = 0, and let s be any real number.

Again by Proposition 2 we can write u = u0 + 2|a|_2t D ua + D(Uy where the ele-

ments uQ, ua, Uy, |a| = 2k, ate chosen in Hr+ k,s in such a way that  ||a||r     is

equivalent to ||a0U2+2iM + 2|a|=2fe ||"a||2+2(fe>s + IKI|2+2*,s-   As before we ex-

press 2. C-u in the form of (4.3).   Since r + 2k = 2^(1 - 0) £ (0, k) we can apply

Proposition 1 to obtain

Z UMls < ZUMÎ+ik.s < Cn.sCt«> s>ll"ollr+2fc.,.
i i

Z«DX-«a)|lL^2:i^alr2+2t.,<C».,C^.s>l"allr2+2M
i i

fot |a| = 2k, and

I» W«2.« < WWfrn.s < Cn,sCril, s)\\uy\\2+2ktS.
i i

Finally for |a | = 2k and 0 < ß < a,  Proposition 1 yields

Z\\DßCr Da^uJ2>s<Z\\D%- Da-ßuJ2+2ktS_la_ßl
i i

< cn.scDß(2> « -1* - ßi>H0a~5" J;W-i«-/3i

<Cn(SCi(2,s)||aa||2+2ts.

Thus 2. ||£."||      < C.Í2, s)\\u\\       tot u £ Kr's and our proposition is proven. The

following proposition is due to H. Kumano-go..

Proposition 4   (see Proposition 5 of [3]). Suppose a £ C™ÍR"+ ) is given.

Then for every real r and s

(i) 5ïïr  a • - a . 5R. s isa bounded mapping from ¥.p'a into ftP-'**-**1 for any

real p and a, and

(ii) a. is a continuous mapping from KT,S into itself.
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Proof.  Let H~°°ÍRk) = U^ÍR*) and let £_°°(/<*) denote the set of all linear opera-

tors from H     ÍR ) into H~   ÍR ) which are infinitely smoothing.   For 0<S<p

< 1 we let £™fSiRk) denote the set of all linear operators  G : //"°°(R*) -» H~°°ÍRk)

such that there exists a p £ S™ pk) satisfying G - p(x, D) £ £.~°°ÍRk).  Recall

that

-2(¿,r) = Í72 + (l + |£|2)2V/4*    and    A(£ ) = |1 + |£|211/2

for £ £ R", r £ Rl.   Clearly Xs £ S^U") and a £ S° 0(Rn+1) for all t £ Rl where

a(z)(x) = a(x, t).

With [A,B] = AB- BA we have that

* ir-s+1DHp.r(o»«-ílírt0A^||0>0+ l|[A—+1,a.Üp>0A^||0(0

= i1 + i2 + ip u-

By Corollary 2 of Theorem 4.1 of [5] we have that [A0"", ait) • ] and [A0""5*1, ait) - ]

are uniformly bounded with respect to t in £^ r/^"^ anc* ^^ÍR"), respectively.

Thus,

'2 < cjKPi0u\\0<(T=cJu\\Pta,     f4 < Cppi0AA||0((T_s = c>||^.

To estimate /    and /, we employ Corollary 2 again:

(4.6) *A9—«*p.0- 2 ¿n.«3+*Aif
0<|a|sN

where .„-Ç/.. ^>0 = <D?X)(iV ty and l/^^^""1 !**
p. = maxip, p/2k\.  However the functions ACT+ a. At) are uniformly bounded in

S*$iRn) for Í 6 R1; also |D*fß'(£, í)| < ^¿2(6 z)P_1 for aZ 0 and <£ t) 6

R"'+1.   Thus

llACT+lfl(aÄ:ü"llo.O<Ca.JI5,lp>l!o,.+l

(4-?) <^,JHI,-i..+i<c:.JI"IUo-   focado.

Now let us write

Aa+\N = A^I».(a+1)-,oW(,tl/ANM-^".o1\o^1o,

where (zj + l)' = maxlO, o +- l\ and a"= minlO, o\.  We observe that
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X° + HöQ-{an)'it,t)<Ca   and

Qpit, t)Qa"it, t) < QpiÇ, t)XaÍO,     <£, i> e Rn+l.

Also ^(o-ny,0™PtN   -p-oJ'.O €    l/2jfe,0^"+ ^ for sufficiently large zV.   Hence we

obtain

llAa+1^.N"llo.O< CAA^IIo.O< W^lp.,-

Combining (4.7) and (4.8) we obtain /. < C||a||      .   If in (4.6) we replace p by

p - r and a by a - s we obtain

l|A*-*%ft^ Acallo,. < Ca.Jl^r.O^.O^IIo.o
(4.9)

<^a,A4p.ltan<C'M\P,,   fora^O,

and

l|A0r-S+Vr.A.OAS«llo,0<^lV..O»(„.„. A^«llo.O
(4.10)

for sufficiently large N. Combining (4.9) and (4.10) we obtain I, < C||a|| and

part (i) of the proposition is proven. That a • is bounded from K ' into itself is

now obvious.
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